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ON RATIONAL HOMOTOPY OF FOUR-MANIFOLDS
S. TERZIC´
Abstract. We give explicit formulas for the ranks of the third
and fourth homotopy groups of all oriented closed simply con-
nected four-manifolds in terms of their second Betti numbers. We
also show that the rational homotopy type of these manifolds is
classified by their rank and signature.
1. Introduction
In this paper we consider the problem of computation of the rational
homotopy groups and the problem of rational homotopy classification
of simply connected closed four-manifolds. Our main results could be
collected as follows.
Theorem 1. LetM be a closed oriented simply connected four-manifold
and b2 its second Betti number. Then:
(1) If b2 = 0 then rk pi4(M) = rk pi7(M) = 1 and pip(M) is finite for
p 6= 4, 7 ,
(2) If b2 = 1 then rk pi2(M) = rk pi5(M) = 1 and pip(M) is finite for
p 6= 2, 5 ,
(3) If b2 = 2 then rk pi2(M) = rk pi3(M) = 2 and pip(M) is finite for
p 6= 2, 3 ,
(4) If b2 > 2 then dim pi∗(M)⊗Q =∞ and
rk pi2(M) = b2, rk pi3(M) =
b2(b2 + 1)
2
− 1, rk pi4(M) =
b2(b
2
2 − 4)
3
.
When the second Betti number is 3, we can prove a little more.
Proposition 2. If b2 = 3 then rk pi5(M) = 10.
Regarding rational homotopy type classification of simply connected
closed four-manifolds, we obtain the following.
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Theorem 3. The rational homotopy type of a closed oriented simply
connected four-manifold is classified by its rank and signature.
The stated results are new, although as it will be clear later, we ob-
tained them easily by known methods. Namely, as far as we know, they
can not be found in the well known publications presenting the results
on topology of four-manifolds [10], [6], [3], nor in those presenting the
results on application of rational homotopy theory [5].
1.1. Some applications.
Remark 4. The first four-manifolds we would like to apply Theorem 1
are homogeneous spaces. For them the ranks of the homotopy groups
are already well known. More precisely, simply connected four dimen-
sional Riemannian homogeneous spaces are classified in [7] and the only
such ones are R4, S4, CP 2, S2 × S2, R× S3 and R2 × S2.
Example 5. A smooth hypersurface Sd in CP
3 is the zero set of a
homogeneous polynomial of degree d in four variables. It is simply
connected and b2(Sd) = d(6 − 4d + d
2) − 2, see [14]. Thus, for d 6= 1,
using Theorem 1, we get
rk pi2(Sd) = d(6− 4d+ d
2)− 2,
rk pi3(Sd) =
d(6− 4d+ d2)(d(6− 4d+ d2)− 3)
2
,
rk pi4(Sd) =
d(6− 4d+ d2)(d2(6− 4d+ d2)2 − 6d(6− 4d+ d2) + 8)
3
.
Example 6. It is known, see [14], that S4 is an example of aK3 surface
and, thus,
rk pi2(K3) = 22, rk pi3(K3) = 252, rk pi4(K3) = 3520 .
The same is also true for the ranks of homotopy groups of any log-
arithmic transform La(m)Lb(n)(S) of an elliptic K3 surface S, where
m and n are odd and relatively prime. This follows from the results
of Kodaira [8], since he proved that such surfaces are (and only them)
homotopy K3 surfaces.
Example 7. Let us consider complete intersection surfaces, i.e., sur-
facesM in CP n+2 which are transversal intersections of n hypersurfaces
Y1, . . . , Yn that are smooth at the points of intersections. If deg Yi = di
then (d1, . . . , dn) is said to be the type of M and M is usually de-
noted by S(d1, . . . , dn). Then, see [14], M is simply connected and
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b2(M) = e(M)− 2, where
e(M) = [
(
n + 3
2
)
− (n+ 3)
n∑
i=1
di +
n∑
i=1
d2i +
∑
i 6=j
didj]
n∏
i=1
di .
Theorem 1 implies that for e(M) ≥ 4
rk pi2(M) = e−2, rk pi3(M) =
e(e− 3)
2
, rk pi4(M) =
e(e− 2)(e− 4)
3
.
1.2. The method of the proof. Our proof is based on Sullivan’s min-
imal model theory. It is a well known that Sullivan’s minimal model
of a simply connected space X of finite type contains complete infor-
mation on the ranks of its homotopy groups, and furthermore classifies
its rational homotopy type. If the space X is formal in the sense of
Sullivan, then its minimal model coincides with the minimal model of
its cohomology algebra. By [11] all closed oriented simply connected
four-manifolds are formal, and, thus, their cohomology algebra con-
tains complete information on their rational homotopy. Following this,
in Section 2 we first recall some results on real cohomology structure
of simply connected closed four-manifolds and then in Section 3 state
the necessary background from Sullivan’s minimal model theory and
prove Theorem 1 and Proposition 2. In Section 4 we prove Theorem 3.
Acknowledgment: I am grateful to Yuri Petrovich Solovyov for getting
me interested into this problem. I would also like to thank Dieter
Kotschick for useful conversations.
2. Real cohomology structure of closed oriented simply
connected four-manifolds
We denote byM a closed oriented simply connected topological four-
manifold. The symmetric bilinear form
QM : H
2(M,Z)×H2(M,Z)→ Z ,
defined by
QM(a, b) = 〈a ∪ b, [M ]〉
is called the intersection form of M . Poincare´ duality implies that (for
b2 6= 0) the form QM is non-degenerate, and, furthermore, it is uni-
modular (detQM = 1). For simplicity, we will denote the cup product
a ∪ b by ab below.
The intersection form QM can be diagonalised over R, with ±1 as
the diagonal elements. Following standard notation (which comes from
Hodge theory in the smooth case), we denote by b+2 the number of (+1)
and by b−2 the number of (−1) in the diagonal form for QM . Then
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b2 = b
+
2 + b
−
2 and σ = b
+
2 − b
−
2 are the rank and the signature of the
manifold M , respectively.
Using the intersection form one can easily get an explicit description
of the real cohomology algebra of a closed oriented simply connected
four-manifold.
Lemma 8. Let M be a closed oriented simply connected four-manifold,
such that b2(M) ≥ 2. Then
H∗(M,R) ∼= R[x1, . . . , xb+
2
, xb+
2
+1, . . . , xb2 ]/relations ,
where deg xi = 2 and the relations are as follows:
(1) x21 = . . . = x
2
b
+
2
= −x2
b
+
2
+1
= . . . = −x2b2 ,
(2) xixj = 0, i 6= j .
Proof. We recall here the standard proof. Let xi, 1 ≤ i ≤ b2, be the
cohomology classes in H2(M,R), representing the basis in which the
intersection form QM is diagonalisable. This means that
(3) Q(xi, xi) = 1, for 1 ≤ i ≤ b
+
2 ,
(4) Q(xi, xi) = −1, for b
+
2 + 1 ≤ i ≤ b2 ,
(5) Q(xi, xj) = 0, for i 6= j .
Denote by V the generator in H4(M,R) such that 〈V, [M ]〉 = 1.
Since xixj = c · V , for some c ∈ R, then (3) implies that x
2
i = V for
1 ≤ i ≤ b+2 , and (4) implies that x
2
i = −V for b
+
2 +1 ≤ i ≤ b2. Also, (5)
implies that xixj = 0 for i 6= j. 
For b2 = 0 or b2 = 1, obviously M has the following cohomology
structure.
Lemma 9. Let M be a closed oriented simply connected four-manifold.
• If b2(M) = 1 then H
∗(M,R) = R[x], where deg x = 2 and
x3 = 0.
• If b2(M) = 0 then H
∗(M,R) = R[x], where deg x = 4 and
x2 = 0.
Remark 10. As we will see in Section 4, the above statements on the
cohomology structure of four-manifolds are true over Q as well. But,
it will be clear from below, that for the purpose of computation of the
ranks of the homotopy groups or determining formality, it is sufficient
to work with real coefficients.
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3. The ranks of the homotopy groups of closed oriented
simply connected four-manifolds
3.1. General remarks. We refer to [5] for a comprehensive general
reference for rational homotopy theory.
Let (A, dA) be a connected (H
0(A, dA) = k) and simply connected
(H1(A, dA) = 0) commutative N-graded differential algebra over a field
k of characteristic zero. Let us consider the free N-graded commutative
differential algebra (∧V, d) for a N-graded vector space V over k. We
say that (∧V, d) is a minimal model for (A, dA) if d(V ) ⊂ ∧
≥2V and
there exists a morphism
f : (∧V, d)→ (A, dA) ,
which induces an isomorphism in cohomology.
Let X be a simply connected topological space of finite type. We
define the minimal model µ(X) for X to be the minimal model for
the algebra APL(X). One says that two simply connected spaces have
the same rational homotopy type if and only if there is a third space
to which they both map by maps inducing isomorphism in rational
cohomology. Then the following facts are well known. The minimal
model µ(X) of a simply connected topological space X of finite type is
unique up to isomorphism (which is well defined up to homotopy), it
classifies the rational homotopy type ofX and, furthermore, it contains
complete information on the ranks of the homotopy groups of X . More
precisely,
(6) rk pir(X) = dim(µ(X)/µ
+(X) · µ+(X))r, r ≥ 2 ,
where by µ+(X) we denote the elements in µ(X) of positive degree and
· is the usual product in µ(X). One says that X is formal in the sense
of Sullivan if its minimal model coincides with the minimal model of
its cohomology algebra (H∗(X,Q), d = 0) (up to isomorphism).
It follows that, in the case of formal simply connected topological
spaces of finite type, we can get the ranks of their homotopy groups
from their cohomology algebras, by some formal procedure. This for-
mal procedure is, in fact, a procedure of constructing of the minimal
model for the corresponding cohomology algebra.
Remark 11. For some spaces with special cohomology one can easily
compute their minimal models. Namely, using the terminology of [1],
one says that X has good cohomology if
H∗(X,Q) ∼= Q[x1, . . . , xn]/〈P1, . . . , Pk〉 ,
where the polynomials P1, . . . , Pk are without relations in Q[x1, . . . , xn]
(i.e. 〈P1, . . . , Pk〉 is a Borel ideal). Then in [1] it is proved that such a
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space X is formal and its minimal model is given by
µ(X) = Q[x1, . . . , xn]⊗ ∧(y1, . . . , yk) ,
dxi = 0, dyi = Pi .
Clearly, (6) implies that these spaces are rationally elliptic, i. e. dim pi∗(X)⊗
Q <∞.
Unfortunately, most of four-manifolds (or precisely those with b2 >
2) do not have good cohomology.
But, the results stated in the above Remark are, in fact, consequences
of a general procedure for the construction of the minimal model for a
simply connected commutative differential N-graded algebra. This pro-
cedure is given by the proof of the theorem which states the existence
(and also the uniqueness up to isomorphism) of the minimal model for
any such algebra. We will briefly describe this procedure here, since
we are going to apply it explicitly.
3.2. Procedure for minimal model construction. In the proce-
dure for the computation of the minimal model for a simply connected
commutative differential N-graded algebra (A, d) one starts by choos-
ing µ2 and m2 : (µ2, 0) → (A, d) such that m
(2)
2 : µ2 → H
2(A, d)
is an isomorphism. In the inductive step, supposing that µk and
mk : (µk, d)→ (A, d) are constructed we extend it to µk+1 and mk+1 :
(µk+1, d)→ (A, d) with
(7) µk+1 = µk ⊗L(ui, vj) ,
where L(ui, vj) denotes the vector space spanned by the elements ui
and vj corresponding to yi and zj respectively. The latter are given by
(8) Hk+1(A) = ℑm
(k+1)
k ⊕L(yi)
and
(9) Kerm
(k+2)
k = L(zj) .
Then we have that mk(zj) = dwj for some wj ∈ A and the homomor-
phism mk+1 is defined by mk+1(ui) = yi, mk+1(vj) = wj and dui = 0,
dvj = zj .
Remark 12. In general, for a simply connected topological space X we
have that A = APL(X) and, obviously, by (6), we see that rk pik+1(X)
is the number of generators in the above procedure we add to µk(X),
in order to obtain µk+1(X) .
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Note that for a formal X , the algebra µ(X)⊗Q k coincides with the
minimal model of the cohomology algebra (H∗(X, k), d = 0) for any
field k of characteristic zero. The converse is also true. If there exists a
field k of characteristic zero for which µ(X)⊗Q k is the minimal model
for the cohomology algebra (H∗(X, k), d = 0), then X is formal.
Remark 13. Obviously, (6) implies that for the purpose of calculating
the ranks of the homotopy groups of X we can use µ(X)⊗Q R as well.
In the case of formalX it means that we can apply the above procedure
to H∗(X,R).
3.3. Computation of the ranks of the homotopy groups. Before
we proceed to the computation of the ranks of the low degree homotopy
groups of four-manifolds, let us note the following important facts.
Remark 14. All closed oriented simply connected four-manifolds with
b2 > 2 are rationally hyperbolic, i.e. dim pi∗(M) ⊗ Q = ∞. One can
see that using the fact that for M rationally elliptic must be satisfied∑
2k rk pi2k(M) ≤ dimM (see [5]). Then from Hurewicz isomorphism
it follows that 2b2 ≤ dimM . In particular, it implies that for b2 > 2
these spaces do not have good cohomology.
Remark 15. All closed oriented simply connected four-manifolds are
formal in the sense of Sullivan. One can see it using the results of [11]
which say that any compact simply connected manifold of dimension
≤ 6 is formal.
The Remarks 14 and 15 together with Procedure 3.2 for minimal
model computation and the knowledge of cohomology structure of four-
manifolds, make us possible to prove the Theorem 1.
Remark 16. Note that, using Hurewicz isomorphism, we already know
that rk pi2(M) = b2.
Proof of the Theorem 1. Because of formality the minimal model
of a closed oriented simply connected four-manifold M is the minimal
model of its cohomology algebra. Therefore, to compute the minimal
model µ(M)⊗QR, we can apply Procedure 3.2 to the algebra (A, d) =
(H∗(M,R), d = 0). For simplicity we denote µ(M)⊗Q R by µ(M) and
H∗(M,R) by H∗(M) below. As stated in the theorem we distinguish
the following cases.
1. For b2 = 0 Lemma 9 immediately implies that µ(M) = ∧(x, u),
where deg x = 4, deg u = 7 and dx = 0, du = x2. Thus,
rk pi4(M) = rk pi7(M) = 1
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and pip(M) are finite for p 6= 4, 7.
2. For b2 = 1 it follows from Lemma 9 that µ(M) = ∧(x, u), where
deg x = 2, deg u = 5 and dx = 0, du = x3. Thus,
rk pi2(M) = rk pi5(M) = 1
and pip(M) are finite for p 6= 2, 5.
3. Let the second Betti number of M be 2. Lemma 2 implies that M
has good cohomology, since the polynomials x21 ± x
2
2, x1x2 are without
relations in R[x1, x2]. By Remark 11, the minimal model forM is given
by
µ(M) = R[x1, x2]⊗ ∧(y1, y2), dxi = 0, dy1 = x
2
1 ± x
2
2, dy2 = x1x2 .
Thus, pip(M) are finite for p 6= 2, 3 and
rk pi2(M) = rk pi3(M) = 2 .
4. Let b2 > 2. Remark 14 implies that in this case dim pi∗(M)⊗Q =∞.
We will use here the results on cohomology of M proved in Lemma 8.
According to Procedure 3.2 for minimal model construction, it follows
that µ2(M) = R[x1, . . . , xb2 ], m2(xi) = [xi]. Therefore, rk pi2(M) = b2.
At the next step in the application of Procedure 3.2, we know that
H3(M) = 0 and Kerm
(4)
2 = L(x
2
1±x
2
i , xixj), 2 ≤ i ≤ b2, 1 ≤ i < j ≤ b2.
We take here b+2 − 1 times sign (−) and b
−
2 times sign (+). Since the
elements x21 ± x
2
i , xixj are linearly independent, we obtain that
µ3(M) = µ2(M)⊗ L(vi, vij), 2 ≤ i ≤ b2, 1 ≤ i < j ≤ b2 ,
dvi = x
2
1 ± x
2
i , dvij = xixj , m3(vi) = m3(vij) = 0 .
This implies that
rk pi3(M) =
b2(b2 + 1)
2
− 1 .
In order to continue this procedure, let us note the following. For
k ≥ 3, µk+1(M) is given by µk+1(M) = µk(M) ⊗ L(wj), where wj
correspond to basis for Hk+2(µk(M), d). We get this from (7) using
the following two observation.
First, (9) implies that Kerm
(k+2)
k (M) = H
k+2(µk(M), d) for k ≥ 3,
since then Hk+2(M) = 0. Second, since ℑm
(4)
3
∼= ℑm
(4)
2 /Kerm
(4)
2
∼=
H4(M), it follows that, for k ≥ 3, there are no yi’s in (8).
Thus, in order to construct µ4(M), we need to find the basis for
H5(µ3(M)). Since in µ3(M) we have no nontrivial 5 dimensional
coboundaries, this is equivalent to finding the basis for the 5 dimen-
sional cocycles in µ3(M). Any cochain of degree 5 in µ3(M) is of the
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form
c =
b2∑
i=2
Pivi +
∑
1≤i<j≤b2
Pijvij ,
where Pi =
∑b2
k=1 α
k
i xk and Pij =
∑b2
k=1 α
k
ijxk. Computing the coeffi-
cients for x31, x
3
i , 2 ≤ i ≤ b2, x
2
1xj , 2 ≤ j ≤ b2, x
2
ixj , i 6= j, 2 ≤ i ≤ b2,
1 ≤ j ≤ b2, xixjxk, 1 ≤ i < j < k ≤ b2 in the expression for d(c), one
obtains that the equation d(c) = 0 gives rise to the following system of
linear equations (respectively).
(10)
b2∑
i=2
α1i = 0,
(11) αjj = 0, 2 ≤ j ≤ b2 ,
(12)
b2∑
i=2
αji + α
1
1j = 0, 2 ≤ j ≤ b2 ,
(13) −αji + α
i
ij = 0, i < j, 2 ≤ i ≤ b
+
2 , 3 ≤ j ≤ b2 ,
−αji + α
i
ji = 0, i > j, 2 ≤ i ≤ b
+
2 , 1 ≤ j ≤ b2 − 1 ,
αji + α
i
ij = 0, i < j, b
+
2 + 1 ≤ i ≤ b2, b
+
2 + 2 ≤ j ≤ b2 ,
αji + α
i
ji = 0, i > j, b
+
2 + 1 ≤ i ≤ b2, 1 ≤ j ≤ b2 − 1 ,
(14) αkij + α
j
ik + α
i
jk = 0, 1 ≤ i < j < k ≤ b2 .
The number of variables in the above system is b2(b2−1)(b2+2)
2
. By the
inspection one sees that the equation (10) eliminates 1 variable, each of
the systems (11) and (12) eliminates b2 − 1 variables, the system (13)
eliminates (b2−2)(b2−1)+b2−1 variables and the system (14) eliminates(
b2
3
)
variables. Thus, the dimension of the solution space for the above
system is b2(b2−1)(b2+2)
2
− (b22 +
(
b2
3
)
) =
b2(b22−4)
3
. So, at this step in the
construction of the minimal model, we extend µ3(M) by adding the
generators wk, 1 ≤ k ≤
b2(b22−4)
3
of degree 4, i. e.
µ4(M) = µ3(M)⊗ L(wk), 1 ≤ k ≤
b2(b
2
2 − 4)
3
.
10 S. TERZIC´
The differentials dwk are given by some basis for the solution space of
the above system. Thus, we have
rk pi4(M) =
b2(b
2
2 − 4)
3
.
One can continue the above procedure for the construction of the
minimal model and calculation the ranks of the homotopy groups, but
it is obvious that at each step the vector space Hk+2(µk(M), d) for
which we want to get a basis becomes bigger and more complicated.
Clearly, rk pik+1(M) is given by the dimension of the H
k+2(µk(M), d)
and it is some polynomial Pk+1(b2) in b2(M). In order to continue the
process we need to have a basis for Hk+2(µk(M), d) as well.
Remark 17. On each step in construction of the minimal model we
should solve some system of linear equations, whose dimension of the
solution space determines the number of generators of corresponding
degree in the minimal model and the differentials for these generators
are given by some solution of that system. The calculation procedure
done in the proof of Theorem 1 suggests that the dimension of the
solution space for such system does not depend on the signature of the
manifold, but only on its rank, while its explicit solution does. In other
words, it suggests that the ranks of the homotopy groups of simply
connected four-manifold are completely determined by the rank of its
intersection form. Our attempt to obtain explicit proof for it following
the proof of Theorem 1 involved complicated calculations, which we
were not able to carry out.
Remark 18. Note that for a simply connected topological space X of
finite type and finite rational Lusternik-Schnirelman category, hyper-
bolicity of X implies that its rational homotopy groups grow exponen-
tially ( so called rational dichotomy, [4]). This explains why one should
expect the computations in the above procedure to be more and more
complicated. This also gives that we can not expect to control the
degrees of the polynomials Pk(b2) with the growth of k.
Proof of the Proposition 2. If we continue the procedure we
started with in the proof of Theorem 1, we need to extend µ4(M) by
adding generators of degree 5 that correspond to basis of H6(µ4(M)).
First note that any cocycle of degree 6 in µ4(M) is cohomologous to
the cocycle of the form
(15) c =
∑
αijvivj +
∑
αijkvivjk +
∑
αijklvijvkl +
∑
βijxiwj .
To simplify the calculations we can assume that b+2 is also 3, since it is
clear that the dimension of the solution space for the equation d(c) = 0
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does not depend on b+2 . According to the proof of the above theorem
we can take the differentials dwi to be as follows.
dw1 = x1v2 − x1v3 + x2v12 − x3v13 ,
dw2 = x3v2 − x1v13 + x2v23 ,
dw3 = x2v3 − x1v12 + x3v23 ,
dw4 = x3v12 − x1v23, dw5 = x2v13 − x1v23 .
On that way, for c of the form (15), the differential d(c) is given as
follows.
d(c) = (−α23 + β11)x
2
1v2 + (α23 + β32)x
2
3v2 + (−α212 + β21)x1x2v2 +
(−α223 + β22)x2x3v2 + (−α213 + β31 + β12)x1x3v2 +
(α23 − β11)x
2
1v3 + (−α312 − β21 + β13)x1x2v3 +
(−α23 + β23)x
2
2v3 + (α212 + α312 − β13)x
2
1v12 +
(−α313 − β31)x1x3v3 + (−α1213 − β33 + β14)x1x3v12 +
(−α323 + β33)x2x3v3 + (−α1223 + β31 + β24)x2x3v12 +
(−α212 + β21)x
2
2v12 + (α213 + α313 − β12)x
2
1v13 +
(−α312 + β34)x
2
3v12 + (α1213 − β22 + β15)x1x2v13 +
(−α213 + β25)x
2
2v13 + (−α1323 − β21 + β35)x2x3v13 +
(−α313 − β31)x
2
3v13 + (α223 + α323 − β14 − β15)x
2
1v23 +
(−α223 + β22)x
2
2v23 + (α1223 + β12 − β24 − β25)x1x2v23 +
(−α323 + β33)x
2
3v23 + (α1323 + β13 − β34 − β35)x1x3v23 +
(β11 − β23)x1x2v12 + (−β11 − β32)x1x3v13 + (β23 + β32)x2x3v23 .(16)
Using the above expression one can easily see that all α’s can be ex-
pressed in terms of β’s. Besides that we see that β23 = β11, β32 = −β11,
β34 = β13 − β21, β15 = β22 + β33 − β14 and β25 = β31 + β12, while the
other β’s are linearly independent. It implies that for b2 = 3 we have
that rk pi5(M) = 10.
4. On homotopy type classification
Proof of the Theorem 3. As we already mentioned, Sullivan’s
minimal model theory provides a bijection between rational homotopy
types of simply connected spaces of finite type and isomorphism classes
of minimal Sullivan algebras over Q. Thus, in our case, two closed ori-
ented simply connected four-manifolds have the same rational homo-
topy type if and only if they have isomorphic minimal models over Q.
Any such four-manifold is formal and its rational cohomology structure
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is determined by its intersection form over Q. It follows that the ratio-
nal homotopy type of a closed oriented simply connected four-manifold
is classified by its intersection form over Q. In other words, two closed
oriented simply connected four-manifolds have the same rational ho-
motopy type if and only if their intersection forms are equivalent over
Q. Using the Hasse-Minkowski theorem one can see that any quadratic
form over Q which has integral unimodular lattice is equivalent (over
Q) to some diagonal form with ±1 diagonal elements [12]. It follows
that two intersection forms are equivalent over Q if and only if they
have the same rank and signature.
By a result of Pontryagin-Wall (see [10]), the homotopy type of a
simply connected closed oriented four-manifold is determined by its
intersection form.
Thus, for closed oriented simply connected four-manifolds, we have
the following homotopy type classification.
(1) Rational homotopy type ∼ rank and signature .
(2) Homotopy type ∼ intersection form .
Note that not every homotopy type of a closed oriented simply
connected four-manifold can be realised by a such smooth manifold.
Namely, by a result of Freedman [6], for any unimodular symmetric
bilinear form Q there exists a closed oriented simply connected four-
manifold having Q as its intersection form. On the other hand the
theorems of Rokhlin [13] and Donaldson [2] give the constraints on the
intersection form of smooth four-manifold. This implies the existence
of the intersection forms (like E8) which can not be realised by some
smooth four-manifolds.
We see that, in contrast to homotopy type, every rational homotopy
type of closed oriented simply connected four-manifolds has a smooth
representative. More precisely, any closed oriented simply connected
four-manifold is rationally homotopy equivalent to a connected sum of
CP 2 ’s and CP 2 ’s.
Remark 19. One can define R-homotopy type of a simply connected
space X of a finite type to be the equivalence class of the algebra
µR(X) = µ(X)⊗Q R, where µ(X) is the minimal model for X , see [9].
Then obviously we have that two spaces have the same R-homotopy
type if and only if their minimal models are equivalent over R. The-
orem 3 implies that in the class of closed oriented simply connected
four-manifolds there is no difference between the rational and the real
homotopy types.
Remark 20. Note that, in general, in the class of simply connected
spaces of finite type we have strict inclusion among the spaces having
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the same rational and the same real homotopy type. To see that it is
enough to construct two minimal algebras starting from two rational
quadratic forms which have the same rank and signature, but which
are not equivalent over the rationals. Since for any minimal algebra µ
over Q there exists the simply connected space of finite type having µ
as its minimal model, we get on this way two simply connected spaces
of finite type which have the same real but different rational homotopy
type.
References
1. A. K. Bousfield and V. K. A. M. Gugenheim, On PL de Rham theory and
rational homotopy type, Mem. Amer. Math. Soc. 8, No 179 (1976), 1-94
2. S. Donaldson, An application of gauge theory to four dimensional topology,
J. Diff. Geom. 18 (1983), 279-315.
3. S. K. Donaldson and P. B. Kronheimer, The Geometry of Four-Manifolds, Ox-
ford University Press, 1990.
4. Y. Fe´lix, S. Halperin, Rational LS category and its applications,
Trans. Amer. Math. Soc. 270 (1982), 1-37.
5. Y. Fe´lix, S. Halperin, J.-C. Thomas, Rational Homotopy Theory, Springer
Verlag 2000.
6. M. Freedman, The topology of four-dimensional manifolds, J. Diff. Geom. 17
(1982), 357-453.
7. S. Ishihara, Homogeneous Riemannian spaces of four dimensions, Journ. of the
Math. Soc. of Japan, 7 (1955), 345–370.
8. K. Kodaira, On Homotopy K3 Surfaces, Essays on Topology and Related Top-
ics (Me´moires de´die´s a´ Georges de Rham) (1970), 58–69.
9. D. Lehmann, The´orie homotopique des formes diffe´rentielles (d’apre´s D. Sulli-
van), Socie´te´ Mathe´matique de France, Asterisque 45, (1977).
10. R. Mandelbaum, Four-dimesional topology: an introduction.
Bull. Amer. Math. Society 2 (1980), 1-159.
11. T. Miller, J. Neisendorfer, Formal and coformal spaces, Illinois J. Math., 22
(1978), 565–580.
12. O. T. O’Meara, Introduction to Quadratic Forms, Springer Verlag 1963.
13. V. Roklin, New results in the theory of four dimensional manifolds,
Dokl. Akad. Nauk USSR 84 (1952), 221-224.
14. I. R. Shafarevich (Ed.), Algebraic Geometry II, Encyclopaedia of Mathematical
Sciences, Springer Verlag 1996.
Faculty of Science, University of Montenegro, Cetinjski put bb,
81000 Podgorica, Montenegro, Serbia and Montenegro
E-mail address : sterzic@cg.ac.yu
